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Abstract
We study the impact of a temperature-dependent curvaton decay rate on the
primordial curvature perturbation generated in the curvaton scenario. Using the
familiar sudden decay approximation, we obtain an analytical expression for the
curvature perturbation after the decay of the curvaton. We then investigate numer-
ically the evolution of the background and of the perturbations during the decay.
We first show that the instantaneous transfer coefficient, related to the curvaton
energy fraction at the decay, can be extended into a more general parameter, which
depends on the net transfer of the curvaton energy into radiation energy or, equiv-
alently, on the total entropy ratio after the complete curvaton decay. We then
compute the curvature perturbation and compare this result with the sudden decay
approximation prediction.
1 Introduction
The improving precision of cosmological observations requires in parallel more refined
analyses of the physics of the early Universe, especially concerning the mechanisms respon-
sible for the primordial curvature perturbations that act as seeds of the cosmic microwave
background (CMB) anisotropies and structure formation in our Universe. Although the
simplest scenarios assume that the primordial fluctuations originate directly from the
quantum fluctuations of a scalar field, which drives a quasi-exponential expansion of the
early Universe, called inflation [1–5], an interesting variant is the curvaton scenario [6–8],
where the primordial fluctuations are generated from a light scalar field other than the
inflaton, the so-called curvaton. One can also envisage hybrid scenarios where the fluctu-
ations of both the inflaton and curvaton are relevant [9–13]#1.
In the standard curvaton scenario, the curvaton field is supposed to start oscillating
during the radiation dominated phase, when it is surrounded by the thermal plasma gen-
erated by the reheating at the end of inflation. Isocurvature fluctuations of the curvaton
can later be transferred into the curvature perturbation, via the decay of the curvaton
into radiation. Since the curvaton is necessarily coupled to the thermal plasma, thermal
effects of the plasma could affect not only the dynamics of the curvaton decay but also the
produced primordial curvature perturbations. The latter aspects have not been discussed
much in the literature#2.
In this paper, we present an attempt to discuss these effects, by simply taking into
account the dependence of the curvaton decay rate Γ on the cosmic temperature T in
the evaluation of the curvature perturbation ζ . Note that such a temperature dependent
decay rate Γ(T ) is quite generic and can be computed explicitly when the plasma is at
sufficiently high temperatures (see Refs. [19–29]). For instance, typical interactions like
Lint = −Mσχ
2−λχξ2 or Lint = −yσψ¯ψ−gAµψ¯γ
µψ can induce Γ(T ) [24] where M,λ, y, g
are couplings and the temperature T should be much greater than the masses of the non-
thermalized curvaton field σ and the other fields (χ, ξ, ψ, Aµ) in the plasma in order that
the thermal effect becomes significant.
Although it is common to adopt the so-called sudden decay approximation in calcu-
lating the curvature perturbation in the curvaton model, this approximation does not
always provide an accurate description, in particular when one considers the thermal ef-
fects mentioned above. In the present work, we identify in which cases the sudden decay
approximation is valid or not, by comparing the analytical predictions with the numerical
#1 If the CMB B-mode polarization detected by BICEP2 [14] corresponds to a primordial signal,
this would indicate that the energy scale of inflation is relatively high, Hinf ∼ 10
14 GeV. With such
high inflationary energy scale, fluctuations from the inflaton also tend to contribute to the curvature
perturbation even in the curvaton model [12, 13, 15, 16]. Thus the model naturally becomes a hybrid
(mixed) model. We should also mention another possibility where the inflaton is trapped at the false
vacuum during inflation and has a large mass. In such a case, fluctuations from the inflaton is suppressed
and the curvature perturbation can be purely dominated by those from the curvaton [17].
#2 In Ref. [18], the temperature dependence of the CDM annihilation rate is taken into account. Re-
cently, Ref. [19] has also evaluated the curvature perturbation in the case with the temperature/curvaton
field-dependent decay rate by using the sudden decay approximation.
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results. When the approximation does not give an accurate prediction, one needs to resort
to a numerical calculation to discuss the thermal effects on the curvature perturbation.
This paper is organized as follows. In Sec. 2, we briefly present the curvaton model
and introduce a temperature-dependent decay rate of the curvaton Γ(T ). In Sec. 3, we
use the sudden decay approximation to make an analytical estimate of the perturbations.
In Sec. 4, we solve numerically the evolution equations for the coupled system consisting
of the curvaton and radiation, and compare these results with the analytical expressions
obtained in Sec. 3. We also discuss the validity of the sudden decay approximation there.
Sec. 5 is devoted to our conclusions.
2 Set-up
In this section, we present a model that will be investigated in the rest of this paper.
We consider the simplest curvaton scenario in which we distinguish only two components:
the curvaton and radiation. We start our analysis during the phase when the curvaton is
oscillating at the bottom of its potential (assumed to be quadratic). As a consequence, the
curvaton can be treated as an effective fluid with vanishing pressure. For simplicity, we
neglect the contribution to the curvature perturbation from the inflaton field throughout
the whole discussion in this paper, although it can be included in a straightforward way.
In a spatially flat FLRW universe, characterized by the metric
ds2 = −dt2 + a2(t)d~x2 , (1)
the background evolution equations for the curvaton and radiation energy densities, re-
spectively denoted as ρσ and ρr, are given by
d
dt
ρσ = −3Hρσ − Γ(T )ρσ,
d
dt
ρr = −4Hρr + Γ(T )ρσ,
H2 =
1
3M2P
(ρσ + ρr),
(2)
where H ≡ (da/dt)/a is the Hubble parameter, Γ(T ) is a decay rate of the curvaton which
depends on the cosmic temperature, T , and MP ≡ (8πG)
−1/2 ≃ 2.4 × 1018 GeV is the
reduced Planck mass. The above description is valid from an initial time ti corresponding
to the onset of the curvaton oscillations withH ∼ mσ, when the total energy density of the
universe is dominated by that of radiation. The curvaton and radiation energy densities
then evolve according to Eqs. (2). When the Hubble parameter reaches H ∼ Γ(T ), the
curvaton starts to decay and its energy density is very rapidly transferred into that of
radiation.
As for the perturbations, the existence of initial fluctuations δσi of a subdominant
curvaton field implies the presence of the initial isocurvature perturbation S, which is
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given by
Si = 3(ζσ,i − ζr,i) . (3)
In the above expression, the subscript i indicates that the corresponding quantity is
evaluated at the initial time ti. We have also introduced the curvature perturbation ζa
for each component a, which is defined nonlinearly as [30] (see also [31–34] for a covariant
definition)
ζa = δN +
1
3(1 + wa)
ln
(
ρa(t, ~x)
ρ¯a(t)
)
, (4)
where δN denotes the local perturbation of the number of e-folds, wa ≡ P¯a/ρ¯a is the
equation of state for a fluid a, which is assumed to be constant, and a barred quantity
must be understood as the homogeneous one.
In the following, for explicit calculations, we assume a specific functional form of Γ(T )
given as
Γ(T ) = Γ0
[
A+
C (T/mσ)
n
1 + C (T/mσ)
n
]
, (5)
where mσ is the zero-temperature mass of the curvaton, Γ0, A ≪ 1 and C are constant
parameters. A constant index n determines the power of the temperature dependence
of Γ(T ). Although the actual temperature dependence of Γ(T ) is far more complicated
than Eq. (5), we will use Eq. (5) as a simple model for the decay rate. For more realistic
form of Γ(T ), see for example Refs. [23, 24]. For the above form of Γ(T ), in the high
temperature limit T → ∞, the decay rate becomes as Γ(T ) → Γ0 (1 + A). On the other
hand, in the low temperature limit T → 0, one has Γ(T ) → Γ0A. In the intermediate
temperature range where A < C(T/mσ)
n < 1, the decay rate depends on the temperature
as Γ(T ) ≃ Γ0C(T/mσ)
n. If the decay rate can be approximated as Γ(T ) ∼ T n at the time
around when H ∼ Γ(T ) as in the intermediated case mentioned above, such temperature
dependence is expected to affect the final curvature perturbations, as will be discussed
later.
3 Sudden decay approximation
In this section, we attempt to derive an analytical estimate of the final curvature per-
turbation, by adopting the sudden decay approximation which has been widely used in
the context of the standard curvaton scenario. In this approximation, the curvaton is
supposed to decay instantaneously, which leads to the notion of a spacelike decay hyper-
surface, on which one can explicitly compute the perturbations.
Inverting the nonlinear definition (4) of the curvature perturbation for each individual
fluid, one can express the energy density of the species a in the form
ρa(t, ~x) = ρ¯a(t)e
3(1+wa)(ζa−δN). (6)
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In our case, we need to consider only two species: radiation (wr = 1/3) and the curvaton
field, treated as a pressureless fluid (wσ = 0). Note that this can be generalized to an
arbitrary number of species [35].
On the decay hypersurface, characterized by H = Γ and the perturbation δND, one
can write, just before the decay [36]
ρtotal = ρσ + ρr = ρ¯σe
3(ζσ,i−δND) + ρ¯re
4(ζr,i−δND) = 3M2PΓ
2 = 3M2PΓ¯
2(1 + δΓ)
2 , (7)
where we have introduced the relative fluctuations δΓ on the decay hypersurface, defined
as
Γ ≡ Γ¯ (1 + δΓ) . (8)
Indeed, Γ is in general nonuniform on the decay hypersurface, since it depends on the
temperature which can fluctuate. Expanding the above relation (7), one finds at linear
order
δND =
1
3Ωσ + 4Ωr
(3Ωσζσ,i + 4Ωrζr,i − 2δΓ) , (9)
where the parameters Ωa ≡ ρ¯a/ρ¯tot denote the energy density fractions just before the
decay, and satisfy Ωσ + Ωr = 1.
The relation between the total energy density and the decay rate of the curvaton at
the decay hypersurface, expressed in (7), can also be written as
ρ¯tot e
4(ζ−δND) = 3M2PΓ¯
2(1 + δΓ)
2 , (10)
which implies the following relation between ζ , δND and the decay rate fluctuation
ζ = δND +
1
2
δΓ, (11)
at linear order. Combining Eqs. (9), (11) and the definition (3), we finally get
ζ = ζinf +
rdec
3
Si −
rdec
6
δΓ, (12)
with
ζinf ≡ ζr,i, rdec ≡
3Ωσ,dec
4− Ωσ,dec
=
3ρ¯σ,dec
3ρ¯σ,dec + 4ρ¯r,dec
, (13)
where the subscript “dec” means that the corresponding quantities are evaluated on the
decay hypersurface, just before the decay.
The expression for ζ given in Eq. (12) has exactly the same form as the one obtained
for the modulated decay of the curvaton [36–38]. However, in the latter scenario, the
fluctuations δΓ originate from a light scalar field other than the inflaton or the curvaton.
By contrast, in the present case, the fluctuations δΓ arise from the temperature dependence
of the decay rate [19], and are given, at linear order, by
δΓ = α
(
δT
T
)
D
, α ≡
d ln Γ
d lnT
. (14)
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Moreover, since ρr ∝ T
4, one can also write(
δT
T
)
D
=
1
4
(
δρr
ρr
)
D
= ζr,i − δND , (15)
where we have used (6) for the last equality. Inserting (14) and (15) into (9), one finally
gets the expression of δND in terms of the two perturbations ζr and ζσ defined just before
the decay:
δND =
1
3Ωσ + 4Ωr − 2α
[3Ωσζσ,i + (4Ωr − 2α) ζr,i] . (16)
Therefore, the expression of δΓ in terms of the isocurvature perturbation is
δΓ = −α
3rdec
3 + rdec
(
3
3 + rdec
−
α
2
)−1
Si
3
. (17)
Inserting this result into (12) yields the prediction for the final curvature perturbation in
terms of ζinf and Si, within the sudden decay approximation.
The above expression (17) implies the a priori surprising result that the quantity δΓ,
and thus the final curvature perturbation ζ , can be strongly enhanced by a special tuning
of the parameters rdec and α. This result can in fact be understood as the consequence
of an accidental degeneracy. For simplicity, let us consider a perfectly homogeneous and
isotropic Universe, without perturbation. The decay hypersurface (N = ND) is defined
by the condition H = Γ(T ). A small deformation δND of this hypersurface leads to a
(linear) variation of the total energy density,
δρtotal
ρ¯total
= [−3Ωσ − 4 (1− Ωσ)] δND , (18)
as well as to a variation of the decay rate squared,
δ(Γ2)
Γ¯2
= −2αδND . (19)
Comparison of the two above expressions shows that a slightly deformed hypersurface still
satisfies the equality between H and Γ at the linear level, provided 4−Ωσ = 2α. Therefore,
when the parameters satisfy this tuning, the decay hypersurface is degenerate, at least at
the linear level. This degeneracy explains why the position δND of the decay hypersurface
is very sensitive to the value of cosmological perturbations when the combination 4−Ωσ−
2α is close to zero. Obviously, this conclusion strongly relies on the assumption that the
decay is localized on a well-defined hypersurface. From a more realistic point of view, the
notion of a decay hypersurface is blurred and the artificial enhancement predicted by the
sudden decay approximation is not expected to remain valid. This will be confirmed in
our numerical study presented in the next section.
In the next section, we evaluate the curvature perturbation by performing a numerical
calculation, and compare the numerical results with the analytic one derived by adopting
the sudden decay approximation in this section.
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4 Numerical results
In this section, we compute numerically the evolution of the background and of the per-
turbations. We first revisit the constant decay rate case by introducing a more general
definition for the transfer coefficient, which turns out to provide a very good fit to the
numerics. We then consider cases with a temperature dependent decay rate and discuss
our numerical procedure and results. Finally, we analyse in more detail the discrepancies
between the analytic formulas obtained with the sudden decay approximation and our
numerical results.
4.1 A new definition of the transfer parameter
In order to compare the analytic and numerical results, one must be aware that rdec
is not a very good parameter to evaluate the final curvature perturbation, even in the
constant decay rate case (δΓ = 0 case). In contrast with the sudden decay approximation,
where the curvaton is instantaneously transferred into radiation, the curvaton starts to
gradually decay into radiation before H = Γ and its decay product then becomes part of
radiation, which can be followed by numerically solving Eqs. (2). Consequently, the value
of rdec evaluated in the numerical calculation is expected to be smaller than the estimate
provided by the sudden decay approximation.
For the standard constant decay rate case (n = 0), it has already been noticed [39–
41] that a better agreement with the numerical result can be obtained by replacing the
parameter rdec with a fitting parameter rfit of the form
rfit = 1−
(
1 +
β
γ
p
)−γ
, p = (Ωσ
√
H/Γ)|H¯=mσ . (20)
The values β = 0.924 and γ = 1.24 provide a good fit to the numerical result. Note
that one recovers rdec by replacing p with ρ¯σ,dec/ρ¯r,dec and using β = 3/4 and γ = 1
respectively in the above expression. In the constant Γ case, since Ωσ ∝ a andH ∝ a
−2 (in
a radiation dominated Universe), the parameter p is conserved before the curvaton decay
and thus represents an appropriate parameter to describe the curvature perturbation in
the curvaton scenario. However, in the case of a temperature-dependent decay rate, the
parameter p is no longer a well-defined conserved quantity because the decay rate Γ varies
with time.
For this reason, we introduce a new definition of the transfer parameter, given by
rs ≡
3ρ¯rσ,f
3ρ¯rσ,f + 4ρ¯rφ,f
, (21)
where ρ¯rσ,f and ρ¯rφ,f are respectively the energy densities of radiation components sourced
by the curvaton and the inflaton, well after the curvaton decay. Even in the temperature
dependent Γ case, rs is well defined since it is expressed in terms of radiation components
only, which share the same scaling, and is thus conserved after the full curvaton decay.
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Moreover, it is easy to check that, in the sudden decay approximation, rs reduces to rdec
given in Eq. (13), as ρ¯rσ,f and ρ¯rφ,f can be replaced with ρ¯σ,dec and ρ¯r,dec, respectively.
Interestingly, the parameter rs can also be directly related to the entropy produced
from the curvaton decay. Indeed, it can be written as
rs = 1−
(
1 +
3
4
qs
)−1
, qs ≡
(
Sf
Si
)4/3
− 1, (22)
where Si and Sf are respectively the initial and final entropies in a comoving volume
#3.
Thus rs is more adapted to describe the curvature perturbations in a more general context.
In Appendix A, we show a derivation of the sudden decay formula by using rs for the
constant decay rate case, where we show that, for the case with a constant decay rate,
the final curvature perturbation ζ is given as the same form as Eq. (12) just by replacing
rdec with rs.
0.2 0.4 0.6 0.8 1.00.0
0.1
0.2
0.3
0.4
Figure 1: Numerically evaluated curvature perturbation, (ζ−ζinf)/Si in the curvaton sce-
nario with constant decay rate. We take mσ = 10
−16MP, Γ = 10
−12mσ for the numerical
calculation. r˜ is varied by changing σ¯i.
In Fig. 1, we plot of the curvature perturbation as a function of rdec or rs for the
case with a constant decay rate. In this figure, black dot-dashed line shows the standard
sudden decay analytic formula r˜/3, the blue box and red circle show the numerical results
as a function of numerically evaluated rdec and rs given by Eq. (22), respectively. As
shown in this figure, if one uses rs, the analytic formula ζ = (rs/3)Si can well describe
the numerically obtained ζ . On the other hand, the use of rdec does not give a good
description, particularly, when rdec is large. (We should also note that both parameters
give a good description of ζ when r˜ ≪ O(1).) Furthermore, even when rs reaches unity,
rdec does not because of the existence of radiation produced by the curvaton. Therefore,
we can see that the sudden decay formula with rs can describe ζ in this respect as well.
#3 The symbol S (for the total entropy) should not be confused with S (for the isocurvature perturba-
tion).
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4.2 Temperature-dependent decay rate
Given some initial conditions for the energy densities and some specific function Γ(T ),
one can easily solve numerically the system of equations (2) governing the evolution of
the curvaton and radiation energy densities.
-8 -6 -4 -2 0 2
0.01
0.1
1
10
0.001
0.01
0.1
1
10
0.01
0.1
1
10
-8 -6 -4 -2 0 2
0.001
0.01
0.1
1
10
Figure 2: Numerical results for the background evolution of Ωσ, Ωr and Γ/H for the
cases of n = 0 (left panels), 1.5 (right panels) with rs = 0.1 (top) and 0.9 (bottom).
The parameters used in the numerical calculation are mσ = 10
−16MP and Γ0 = 10
−12mσ.
Other parameters are set as A = 1 and C = 0 for the case with n = 0, A = 10−5 and
C = 10−3 for the case with n = 1.5. The value of σ¯i is chosen such that it gives rs = 0.1
and 0.9 for each panel. Here, we use the e-folding number N as a time coordinate, and
ND corresponds to the time when Γ = H .
Here we consider two examples with different decay rates Γ(T ): a constant one, i.e.
n = 0 and a temperature-dependent one with e.g. n = 1.5 in Eq. (5). The evolutions of
Ωσ,Ωr and Γ/H are shown in Fig. 2 as a function of the number of e-folds. The left and
right panels correspond to the cases n = 0 and n = 1.5, respectively. In these examples,
we have adjusted the initial conditions σ¯i so that the parameter rs, given by Eq. (22),
is given as rs = 0.1 (top panels) and 0.9 (bottom panels). This means that the net
fraction of radiation created by the curvaton decay is the same in both cases, even if the
temperature dependence of Γ is different.
8
Let us now investigate the cosmological perturbations about these background solu-
tions. To calculate the perturbations in the curvaton scenario, one can use either the
δN formalism [30,42–45] or the standard cosmological perturbation theory with multiple
fluids (see, e.g., Refs. [39, 40, 46–48]).
In the δN formalism, the curvature perturbation ζ on a uniform total energy density
hypersurface can be evaluated as
ζ(t) = N(t; σ¯i + δσi)−N(t; σ¯i), (23)
where N(t; σi) is the e-folding number measured between the initial time ti on a flat
hypersurface and the final time tf on a uniform total energy density one.
The above expression is valid even at nonlinear order and can also be used to compute,
in the case of local non-Gaussianity#4, the non-linearity parameter fNL defined by writing
ζ , up to the second order, in the form
ζ = ζG +
3
5
fNL
(
ζ2G − 〈ζ
2
G〉
)
, (24)
where ζG represents the linear part of ζ which obeys pure Gaussian statistics. Using the
Taylor expansion of N(t; σi) and Wick’s theorem (the fluctuations δσi being treated as
purely Gaussian), one easily finds
fNL =
6
5
Nσσ
N2σ
, (25)
where Nσ and Nσσ respectively denote Nσ := ∂N(t; σ¯i)/∂σ¯i and Nσσ := ∂
2N(t; σ¯i)/∂σ¯
2
i .
Note that the expression (25) applies when the curvaton contribution in ζ is dominant
over the inflaton contribution.
In order to cross-check our numerical results, we have also adopted the standard cos-
mological perturbation theory with multiple fluids and solved numerically on superhorizon
scales. In this case, the evolution equations depend on the curvature perturbation ζ and
the isocurvature one S, which can be expressed in terms of fluctuations of each component,
δa ≡ δρa/ρ¯a, as
ζ =
ρ¯σδσ + ρ¯rδr
3ρ¯σ + 4ρ¯r
, S = −3
(
H¯ρ¯σ
¯˙ρσ
δσ −
H¯ρ¯r
¯˙ρr
δr
)
. (26)
Following Ref. [46], we have also numerically evaluated the evolution of ζ and S at second
order in the perturbation theory. We have checked that these two approaches lead to the
same results for ζ and fNL.
In Fig. 3, we show the final curvature perturbation ζ (left panel) and the non-linearity
parameter fNL (right panel) in terms of the parameter rs. We consider three different
decay rates with n = 0 (blue dotted), 1.5 (red solid) and 1.8 (green long-dashed). For
#4 Throughout this paper, we consider only the so-called local non-Gaussianity, which is relevant in
the curvaton scenario.
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Figure 3: The final curvature perturbation ζ (left panel) and the non-linearity parameter
fNL (right panel) are shown as a function of the parameter rs. We have plotted the cases
with three different temperature dependences for Γ(T ), i.e., n = 0 (blue dotted), 1.5 (red
solid) and 1.8 (green long-dashed). The parameters mσ, Γ0, A and C are the same as in
Fig. 2 for n = 0 and n = 1.5. For n = 1.8 case, we have used the same parameters as
those for n = 1.5. The value of rs is varied by tuning σ¯i. For comparison, we have also
plotted the analytic estimates given in (27) and (28) as black/dot-dashed lines.
comparison, we plot the analytic expression obtained in the standard curvaton scenario,
i.e. (12) with δΓ = 0, with the global transfer parameter rs, which gives a much better
estimate in the n = 0 case, as discussed previously:
ζ − ζinf
Si
=
rs
3
. (27)
We postpone the comparison with the full sudden decay expression, i.e. including δΓ, to
the next subsection. Similarly, in the right panel, we plot the analytical expression fNL
(see, e.g., [41]),
fNL(ana) =
5
4rs
−
5
3
−
5
6
rs , (28)
where, once again, we have replaced the sudden decay parameter rdec by our new transfer
parameter rs.
As seen from the left panel, the analytic formula (27) can well describe the resultant
curvature perturbations for small values of rs, even in the case with temperature depen-
dent decay rates. The limit rs ≪ 1 corresponds to the situation where the curvaton is
always subdominant at its decay. This implies that the Hubble parameter is determined
only by the temperature of radiation from the inflaton. Since the decay is characterized
by H = Γ, one expects the decay to occur at the same temperature TD in this limit even
for the time-dependent Γ case. This effectively corresponds to the constant decay rate
case, with Γ = Γ(TD). This explains why all curves coincide in the limit rs ≪ 1. In
the opposite limit, i.e. rs = 1, one sees that the numerical result approaches the simple
analytic solution, rs/3, which does not take into account the temperature dependence
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of Γ. This is simply because at the time of curvaton decay the energy density of the
curvaton field dominates and it is just the same situation as the basic reheating picture
of the inflaton where it is known that no thermal effect affects the amplitude of the final
curvature perturbation [49, 50].
For relatively large values of rs, one observes a deviation between the numerical result
and the analytical estimate, which can reach about 5% in the n = 0 case and becomes
larger as n increases. As discussed in the previous section, the sudden decay expression
Eq. (11) would in fact suggest a strong enhancement, due to the δΓ term, for some
parameter values. But, as expected, such a large enhancement does not appear in the
numerical calculations, even if the behaviour of ζ exhibits a mild enhancement. In the
next subsection, we will investigate in more detail the discrepancy between the sudden
decay approximation and the numerical computations.
Before closing this subsection, let us briefly discuss the non-linearity parameter fNL
for the case with a temperature dependent Γ. We plot fNL as a function of rs in the
right panel of Fig. 3, in which one can see that fNL is hardly sensitive to the temperature
dependence, even for large values of rs. Given the uncertainty of current and future
cosmological experiments, typically ∆fNL = O(1)
#5, one concludes that one can safely
neglect the impact of the temperature-dependence of the decay rate on the non-linearity
of the curvature perturbation in the curvaton scenario.
4.3 Regime of validity of the sudden decay approximation
Let us now concentrate on the differences between the sudden decay expressions obtained
in the previous section and our numerical results. As already mentioned, the sudden
decay analytical formula (12), together with Eq. (17), predicts a large enhancement of
the curvature perturbation for some parameter values, which is not observed numerically.
This is illustrated in Fig. 4, where we compare the numerical results with the analytical
expression
ζ = ζinf +
rs
3
Si −
rs
6
δΓ, δΓ = −α
3rs
3 + rs
(
3
3 + rs
−
α
2
)−1
Si
3
, (29)
which corresponds to (12) and (17), with rdec replaced by rs. In fact, it turns out that the
“naive” sudden decay formula Eq. (27) that neglects the δΓ term, i.e. that does not take
into account the fluctuations of Γ, provides a better approximation than the one with the
temperature effect being included (i.e., δΓ 6= 0), for a wide range of values of rs. However
we should also note that, as rs increases, particularly when rs & 0.7, one observes that
the numerical result gradually deviates from Eq. (27).
So far, we have considered only a temperature dependent decay rate with n > 0.
Although not very realistic from a physical point of view, it is nevertheless instructive
to study the case where the temperature dependence of Γ is characterized by a negative
power index n < 0, in order to compare the sudden decay expressions with the numerical
#5 We note that future observations of 21 cm fluctuations may probe fNL more precisely [51, 52].
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Eq. (29) 
Figure 4: The final curvature perturbation as a function of rs for n = 1.5. A black
dot-dashed line corresponds to the analytic formula given by Eq. (27), a green solid line
shows the result obtained by numerical calculation, and a blue dashed line corresponds
to Eq. (29). The parameters mσ, Γ0, A and C are the same as in Fig. 3. Here, we have
used an sudden decay expression for α which is given in Appendix B.
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Eq. (29) 
0.2 0.4 0.6 0.8 1.0
Figure 5: The amplitude of the curvature perturbation as a function of rs for n = −5.
The numerical result (green solid line) is compared to the analytic expression (27) (black
dot-dashed line) and to Eq. (29) (blue dashed line). The parameters used in the numerical
calculation are mσ = 10
−16MPl, Γ0 = 10
−12mσ, A = 10
−5 and C = 10−2, and then rs
corresponds one-to-one with σ¯i.
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computation in a wider range of situations. In Fig. 5, we show the amplitude of the
curvature perturbation as a function of rs for n = −5. We see that the numerical result
is located between the analytical predictions (27) and (29). In contrast with the n > 0
cases, the expression (29) remains close to the numerical result and provides a better
estimate of the numerical result for rs . 0.4, even if the simple expression (27) is more
accurate for larger values of rs.
0.2 0.4 0.6 0.8 1.0
0.001
0.01
0.1
1
10
0.2 0.4 0.6 0.8 1.0
0.10
0.05
    0
-0.05
-0.10
Figure 6: The relative difference between the numerical result and the analytic formulae
for each case as a function of rs. The left panel shows the relative difference between
the numerical result, ζnum, and the analytical formula given by Eq. (29), and the right
one shows the relative difference between ζnum and the simple formula given by Eq. (27).
Notice that we plot the absolute value of ∆1 in logarithmic scale in the left panel and ∆2
in linear scale in the right panel.
To summarize the differences between the numerical result and the analytic expres-
sions, we plot the relative differences between these in Fig. 6. The left panel shows the
relative difference between the numerical result ζnum, and the analytical formula Eq. (29),
denoted ζana,1 here, which is defined as
∆1 =
ζana,1
ζnum
− 1. (30)
The right panel shows the relative difference between ζnum and the one given by the simple
formula Eq. (27), denoted ζana,2, as
∆2 =
ζana,2
ζnum
− 1. (31)
As seen from the figure, the differences ∆1 and ∆2 both decrease as rs approaches 0
or 1. However, it should be noticed that the deviation at rs ∼ O(0.1) is larger for ∆1
compared to ∆2. This shows that the simple sudden decay formula without δΓ gives a
better approximation than that with δΓ, which means that the sudden decay formula
including the effect of δΓ overestimate the amplitude of ζ .
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For a deeper understanding of the numerical results, we now examine the system of
equations governing the evolution of the curvature and isocurvature perturbations us-
ing the standard cosmological perturbation theory with multiple fluids. The evolution
equations for ζ and S are given by [39, 40, 46–48]
dζ
dN
= Tζ
S
3
,
dS
dN
= TS S, (32)
with the time-dependent coefficients Tζ and TS
Tζ ≡
(
3− 2g
3(1− g)
)(
4− 4−3g
1−g
Ωσ
4− Ωσ
)(
3Ωσ
4− Ωσ
)
,
TS ≡ −
g
2(1 − g)
4(1− g)− (4− 3g)Ωσ
3− 2g
×
[
1 +
(
3− 2g
4(1− g)− (4− 3g)Ωσ
)2
Ωσ(2− Ωσ)−
α
2(1− Ωσ)
]
, (33)
where g(N) ≡ Γ/(Γ+H) < 1. We can formally integrate the above equation, which leads
to an expression for ζ of the form
ζ = ζinf +
∫
dNF(N)
Si
3
, (34)
where
F(N) ≡ Tζ(N) exp
[∫ N
dN ′ TS(N
′)
]
. (35)
In Fig. 7, we show the transfer function F(N) defined in Eq. (35) as a function of
the e-folding number measured from the decay time ND, corresponding to the instant at
which H = Γ. First let us focus on the cases with relatively small values of rs shown
in the top panels of Fig. 7. For such values of rs, the energy density of the Universe is
still dominated, at the curvaton decay, by the radiation component produced from the
inflaton. From the figure, we see that the transfer function F(N) has a peak around the
decay time N = ND. We also find that the height of the peak becomes lower and the
“width” of the function F(N) becomes broader as the value of n increases.
Next, let us consider the cases where rs is close to unity. In Fig. 7, we show the cases
with rs = 0.99 (bottom left) and 0.9999 (bottom right). For such cases, the curvaton en-
ergy density starts to dominate the Universe long before the curvaton decay. Interestingly,
the peak position of the transfer function corresponds to the time when the curvaton be-
gins to dominate, not at the decay time. Furthermore, the peak position shifts to smaller
values of N as n increases, which comes from the fact that the curvaton begins to dom-
inate the Universe earlier when n is larger. To illustrate that the peak position indeed
corresponds to the time of the curvaton domination, we plot in Fig. 8 the transfer function
F(N) as a function of N −Ndom where Ndom is defined as the time when Ωσ = 1/2. From
14
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Figure 7: Plots of F(N) as a function of the e-folding number N − ND with ND corre-
sponding to the decay time which is defined as the epoch satisfying H = Γ for the cases
with n = 0 (blue dotted), 1.5 (red solid) and −5 (green dashed). We show the plots for
the several values of rs: rs = 0.1 (top left), 0.6 (top right), 0.99 (bottom left) and 0.9999
(bottom right).
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Figure 8: Plots of F(N) as a function of the e-folding number N − Ndom with Ncom
corresponding to the time when the curvaton begins to dominate the energy density of
the Universe. More specifically, Ndom is defined as the time at which Ωσ = 1/2 is realized.
Here we show the cases with rs = 0.99 (left) and 0.9999 (right).
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the figure, we can clearly see that the position of the peak almost corresponds to the
domination time Ndom and this tendency does not depend on the functional form of Γ(T ).
Furthermore, by comparing the plots for the cases with rs = 0.99 and 0.9999, one can
also notice that, as rs approaches unity, the transfer function becomes identical regardless
of the value of n. And then, as rs decreases from 1, the tail of the transfer function is
broader for larger n.
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Figure 9: Evolution of the isocurvature perturbation as a function of the e-folding number
N − ND. The red solid line is for rs = 0.6, where the curvaton energy density never
dominates the Universe when n = 0 and 1.5. The blue dotted line and green dashed line
are respectively for rs = 0.99 and rs = 0.9999, and each down-pointing arrow represents
the time when the curvaton energy density starts to dominate the Universe, which is
defined as the time when Ωσ = 1/2 holds.
For completeness, we also plot in Fig. 9 the evolution of the isocurvature perturbation
for several fixed values of rs and n. As one can see in the figure, the amplitude of
the isocurvature perturbation decreases during the curvaton decay phase, more or less
early depending on the value of rs and more or less rapidly depending on the value
of n. In the transfer function F(N), the evolution of the isocurvature perturbation,
expressed by exp[
∫
dN ′TS(N
′)], is combined with the function Tζ(N), which represents the
transfer of the isocurvature into the adiabatic perturbations and also peaks at the decay
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since it is basically proportional to Ωσ. Hence, the damping behavior of the isocurvature
perturbation in Fig. 9 helps to understand the “shape” of the transfer function depicted
in Fig. 7. When the isocurvature perturbation begins to decrease earlier, the peak of
the transfer function F(N) also shifts to smaller value of N , which can be noticed by
comparing with the corresponding plot in Fig. 7. Concerning the width of F(N), it tends
to become broader when the isocurvature perturbation decreases slowly. For example,
looking at the case with rs = 0.6, one sees that S decreases more slowly as n increases.
This can be compared with the behavior of the width of F(N).
5 Conclusions
In this work, we have explored how much the thermal effects in the curvaton scenario
could affect the primordial curvature perturbation. In particular, we have considered
the temperature dependence of the curvaton dissipation rate, assuming a simple form for
the function Γ(T ). We have first derived analytical expressions for the final curvature
perturbation in the sudden decay approximation. We have also studied numerically the
system consisting of the curvaton and radiation fluids and computed the evolution of both
the background and the perturbations.
We have found that the amplitude of the final curvature perturbation ζ can be modified
by as much as about ten percent in comparison with the standard result with a constant
Γ. By contrast, there is no significant effect on the non-linearity parameter fNL, at least
at the level of the latest precision reported by Planck.
Another important result of this work is the introduction of a new definition of the
transfer coefficient that relates the initial isocurvature perturbation (due to the curvaton)
and the final curvature perturbation. In contrast with the usual definition given in the
context of the sudden decay approximation, our transfer parameter rs is defined globally
and gives a very good fit to the numerical result, especially in the case of a constant decay
rate. For a temperature-dependent decay rate, the situation turns out to be more compli-
cated as one can derive within the sudden decay approximation, an a priori more refined
expression, which takes into account the fluctuations of Γ on the decay hypersurface.
However, this expression leads to an artificially large enhancement due to an accidental
degeneracy in the position of the decay hypersurface. This is confirmed by our numerical
investigation, which shows that this refined expression is often a bad approximation.
As a final remark, we note that the thermal effects can modify not only the curvaton
decay rate Γ(T ), but also the curvaton potential itself, which has important consequences
for the curvaton dynamics. For example, if the thermally generated effective mass of
the curvaton dominates the potential, the curvaton starts to oscillate earlier and the
curvaton equation of state is modified [53]. It would also be interesting to investigate the
consequences of such thermal effects on the primordial curvature perturbation and may
be pursued in the future.
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A Sudden decay formula with rs
Here, we show the derivation of the sudden decay formula by using the new definition
rs for the constant decay rate case. Let us consider that the curvaton energy density is
totally converted into radiation just after the decay, so that
ρ¯σ e
3(ζσ,i−δND) = ρ¯rσ e
4(ζrσ−δND), (36)
where the subscript “rσ” denotes the radiation produced by the curvaton decay (by
contrast with the radiation already present before the decay). Since ρ¯σ = ρ¯rσ at H = Γ,
we obtain the simple relation
δND = 4ζrσ − 3ζσ,i. (37)
Denoting the radiation component resulting from the inflaton decay by the subscript “rφ”,
the curvature perturbation ζ on a uniform total energy density hypersurface, at some time
tf after the complete decay of the curvaton, is given by the relation
ρ¯rσ,f
ρ¯rσ,f + ρ¯rφ,f
e4(ζrσ−ζ) +
ρ¯rφ,f
ρ¯rσ,f + ρ¯rφ,f
e4(ζrφ−ζ) = 1 . (38)
At linear order, this yields
ζ(tf) =
ρ¯rσ,f
ρ¯rσ,f + ρ¯rφ,f
ζrσ +
ρ¯rφ,f
ρ¯rσ,f + ρ¯rφ,f
ζinf, (39)
where we have introduced the notation ζinf ≡ ζrφ. The relation between the total energy
density and the decay rate of the curvaton at the decay hypersurface, expressed in (7),
can also be written as
ρ¯tot e
4(ζ−δND) = 3M2PΓ
2 , (40)
and, at the linear order, we have
ζ(tf) = δND . (41)
From Eqs. (37), (39) and (41), we obtain
ζ(tf) = ζinf +
rs
3
Si. (42)
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B Sudden decay approximation with Γ = Γ(T )
For the decay rate given by Eq. (5), one can write α in terms of rdec as
α = n
Γ(T )− Γ0A
Γ(T )
1
1 + C (Tdec/mσ)
n , (43)
with
Tdec
mσ
=
(
5
72π2g∗(Tdec)
)1/4(
mσ
MP
)−1/2(
σ¯i
MP
)2
3(1− rdec)
4rdec
, (44)
where g∗(Tdec) is the relativistic degrees of freedom at the decay time. By employing the
sudden decay approximation, we show the derivation of the expression for Tdec/mσ given
by Eq. (44) as follows. Here we define the cosmic temperature, T , from the energy density
of the radiation and we have
Tdec
mσ
=
1
mσ
(
30
π2g∗(Tdec)
ρ¯r,dec
)1/4
,
=
1
mσ
(
30
π2g∗(Tdec)
ρ¯r,i
(
ai
adec
)4)1/4
. (45)
Then, the scale factor can be related with the density parameter Ωσ as
Ωσ,dec =
ρ¯σ,i (ai/adec)
3
ρ¯σ,i (ai/adec)
3 + ρ¯r,i (ai/adec)
4 , (46)
and then we have
ai
adec
=
(
ρ¯σ,i
ρ¯r,i
)
1− Ωσ,dec
Ωσ,dec
. (47)
Since at the initial time (Hi = mσ) the Universe is dominated by the radiation energy
density, we have ρ¯r,i ≃ 3H
2
iM
2
P = 3m
2
σM
2
P and ρ¯σ,i =
1
2
m2σσ¯
2
i and then
Tdec
mσ
=
1
mσ
(
30
π2g∗(Tdec)
ρ¯4σ,i
ρ¯3r,i
)1/4
1− Ωσ,dec
Ωσ,dec
=
(
5
72π2g∗(Tdec)
)1/4(
mσ
MP
)−1/2(
σ¯i
MP
)2
1− Ωσ,dec
Ωσ,dec
=
(
5
72π2g∗(Tdec)
)1/4(
mσ
MP
)−1/2(
σ¯i
MP
)2
3(1− rdec)
4rdec
. (48)
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